Introduction.
Special cases of the Latin square functions defined in this paper have recently come into some prominence in connection with generalizations by Humbert and others (references in §5) of the partial differential equations of mathematical physics. In solving the equations, the functions of r -1 independent variables defined by Appell3f in 1877 appear, and these in turn are intimately connected with Olivier Vf functions fo(x), ■ ■ ■ ,fr-i(x), whose generating identity is As the partial differential equations mentioned have no immediate physical significance, there is no apparent reason for stopping short of the general case. In a previous paper7 the functions defined by reducing the left of (3) modulo P(a), where P(a) is any polynomial in a, were introduced and some of their properties discussed. The norm property (1.4) does not hold for these functions, except in the very degenerate case when they become Appell's It will be interesting to see what replaces the norm property, and how it degenerates in the special case.
We shall see that the generalized norm property is intimately connected with Latin squares. A Latin square of degree ra is a square array of ra distinct elements such that no element occurs twice in the same column. The number of Latin squares of degree ra, no two of which can be derived from one another by a permutation of rows or of columns, will be denoted by X(ra). This number has not been determined for general ra, and even for small ra the labor of a direct determination is prohibitive (see MacMahon6). As observed by Cayley,6 not every Latin square of given degree can be generated by a group of substitutions on the elements of a given row. Thus there exist (even for ra small) Latin squares with which no group is associated.
The norm relation is replaced for the generalized functions of r independent variables by X(r) algebraic relations, each of which is derived from a Latin square of degree r. When the functions degenerate to Appell's (based on rth roots of unity), the X(r) relations coalesce in the norm relation, and the single Latin square corresponding to this relation is generated from its first row by the cyclic group of degree r.
Appell's functions are a simple generalization to functions of r independent variables of the circular and hyperbolic functions. The Latin square functions pass at once to the most general situation possible of this kind, namely to the functions of r independent variables constructed from polynomials in the members of sets of r linearly independent solutions of equations of the type 
The notation in (2.1) is fixed throughout the paper. The jth fundamental sequence <f>j(n), n=0, ±1, ±2, ■ ■ • , defined by the difference equation (2.4) <p(n + r) + Cl<b(n + r -1) -\-\-cr<p(n) = 0, whose characteristic equation is P(a) =0, is determined by
The <pj(n) are a set of r linearly independent solutions of (2.4), and the general solution <p(n) is
The notations in (2.4), (2.5) are fixed henceforth. For all integers n we have
To find the differential equation satisfied by the functions (2.8), let P,(a) be the polynomial with leading coefficient unity whose roots are the sth powers of the roots of Pi(a) =P(a), Applying (2.7) to the product of exp a"x and exp a'y, we get the addition theorems (2.14) fi(X+y)= 2ZZfa(P + k)fp(X)fk(y).
There is no algebraic addition theorem with respect to s.
Let a he any root of P(a) = 0. Then
and hence, by (22), the identical algebraic relations between the functions are obtained by reducing the expression on the left of the following, modulo P(a), to that on the right (c0 = 1), (2.15) the relations are
For Olivier's functions it is easily seen that (2.16) are equivalent to the single norm relation (the last r -1 relations are absent). If P(a) is such that, for some integer s>0, Ci(s) =0 in (2.9), the functions fi(*)> i=0) " • • , r~ 1, are more simply connected. Let the roots of P"(a) =0 be ßo, ■ • • , ßr-i-If ß is any one of the roots, we may define functions gj(*) by the process for (2.2) with P(a) replaced by the right of (2.9), expß'x = ¿ZßigA*)- The sum of (x), (y) may be written either as (x) + (y) or (x+y), To find the algebraic relations between the £,-mentioned in §1, we proceed as described presently from the Latin square (4.7) to its "bordered mate" (4. To simplify the writing, let the r+1 curtates in (4.9) be equal respectively to For the moment the structure of the A7, need not be considered. Starting then with the particular Latin square (4.7), we reach the identical relations (4.12) No=l,N, = 0 (j= 1, ...,r-1).
We indicate the structure of the N's presently. From (4.5), (4.6) we find explicit forms for the £,-. The expression for the Lj corresponding to (2.12) is obvious and can be omitted. Let 0O, • • • , 0r-i be the r conjugates of (x)', including (x)'. Form the equation From this point on, the connection with partial differential equations is of the same kind as that for the Appell functions and the equations discussed by Humbert and others in the papers cited in §5. The note u sufficiently indicates the start.
5. References. Several of the following papers contain further references to the literature of Appell's functions and their connection with differential equations. The references are given in chronological order. Humbert (loc. cit., p. 153) attributes Olivier's functions to Yvon Villarceau, without stating the reference.
